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Abstract
We study operators in the sl(2) sector of N = 4 SYM in the generalised scaling limit, where
the spin is large and the length of the operator scales with the logarithm of the spin. At
leading order in the large spin expansion the scaling dimension at strong coupling is given in
terms of the free energy of the O(6) model. We investigate the first subleading corrections
to the scaling dimension and find that these too can be derived from the O(6) model in the
strong coupling limit.
1lisa.freyhult@physics.uu.se
1 Introduction and summary
In recent years much progress has been made in understanding the AdS/CFT correspondence
and the theories related by it. Much of this progress is due to the unusual property of
integrability for the constituent theories. This allows for the construction of a set of equations
giving the spectrum of scaling dimensions in the planar theory. Originally the spectrum was
constructed for long operators where the techniques of the asymptotic Bethe ansatz could
be applied (for pedagogical reviews see [1]). This was later extended to include operators of
arbitrary length and the spectrum in this case is given by a thermodynamic Bethe ansatz
or a Y-system [2]. Recently, a proposal for a formulation of this system in terms of a finite
number of non-linear integral equations (FiNLIE) was put forward [3].
In the construction of the solution to the spectral problem operators belonging to the
sl(2) sector of the theory play an important role. These operators are built from complex
scalar fields and covariant light-cone derivatives and can schematically be written as
Tr(DMZL) + . . . (1.1)
whereM is referred to as the spin of the operator and L is the length or the twist. In the limit
of large spin the operators exhibit logarithmic scaling [4, 5], with an anomalous dimension
γ(g,M,L) = f(g) (logM + γE + (L− 2) log 2) +BL(g) + . . . (1.2)
for the ground state. The function f(g) is the universal scaling function, or the cusp anomalous
dimension, that can be constructed to all orders in g using integrability [6, 7]. The scaling
function is a well tested quantity both at weak and strong coupling (see [8] for a review and
references). Here we follow the convention where the coupling constant is related to the ’t
Hooft coupling as g2 = λ16pi2 . The new function appearing at subleading order, BL(g), was
studied in [9, 10] and found to be in agreement with the corresponding quantity obtained
from the string sigma model [11,12]. Both f(g) and BL(g) are quantities that can be tracked
from weak to strong coupling. The interpolating properties of the functions make them good
observables when studying the AdS/CFT correspondence. Considering the structure of the
expansion in (1.2), one could be led to assume that the expansion in M would continue
with new functions of the coupling constant appearing at each order. The dots in (1.2) are
however quite non-trivial and interesting, and were studied for twist 2 operators in [12, 13].
The next order in the expansion is in that case of order 1logM at strong coupling while at weak
coupling it is suppressed by 1/M [14]. The strong coupling behavior was predicted from the
string sigma model [15] and reproduced by including finite size corrections in [12,13]. It was
however found that the large spin limit considered in the strong and weak coupling limits are
two different scaling limits and in order to find a reconciliation between the two regimes the
series has to be resummed [13].
Another interesting limit for the operators (1.1) is the large spin limit where the twist
scales logarithmically with the spin. This limit is referred to as generalised scaling. The
anomalous dimension is in this case given by [5, 16–22]
γ(g,M,L) =
(
f(g) + ǫ(g, LlogM )
)
logM + . . . . (1.3)
At strong coupling, in the special limit where
g →∞, M, L→∞, L
logM
1
mO(6)
= fixed, (1.4)
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with mO(6) given by
mO(6) =
√
2
Γ(5/4)
(2πg)1/4e−pig (1 +O(1/g)) , (1.5)
the full sigma model on AdS5 × S5 reduces to the O(6) sigma model [17]. The scale, mO(6)
coincides with the mass of the O(6) model. In particular the anomalous dimension is given in
terms of the free energy of the ground state of the O(6) model, ǫ(g, LlogM ). Here we will study
the first subleading corrections in the generalised scaling limit. The subleading corrections
were first considered in [23] where the weak coupling expansion for small values of L−2logM was
worked out. The strong coupling expansion, in a corresponding limit, was also considered
and the results showed an intriguing structure which suggested a possible relation to the O(6)
model. We revisit the calculation at strong coupling and explicitly demonstrate the relation
between the subleading corrections and the O(6) model. We believe that our analysis can
be taken as a starting point for investigating further corrections, similar to the case of finite
twist [13], in the generalised scaling limit.
We find that the subleading corrections to the anomalous dimension in the limit2
g →∞, L, M →∞, L− 2
R(M,g)mO(6)
= fixed, (1.6)
with
R(M,g) = log 2Mg + . . . , (1.7)
can be written in terms of the the free energy of the O(6) model as well as the universal
scaling function, f(g), and the virtual scaling function, BL(g). The anomalous dimension
reads
γ(g, L,M) = f(g)(logM + γE + 2 log 2) +BL(g) + ǫ(g,
L−2
R(M,g))R(M,g) + . . . . (1.8)
We note that the strong coupling expansion is organised in terms of the natural expansion
parameter of the string sigma model, M/g.
The paper is organised as follows. In the next section we recall the integral equation
incorporating the leading, as well as the subleading corrections. Our approach is based on
the results of [18], the integral equation we derive is however completely equivalent to the
integral equation constructed in [23]. The integral equation is derived from the asymptotic
Bethe ansatz for the sl(2) sector where we construct a counting function so that the dynamics
is described in terms of holes instead of Bethe roots (see [24] for an introduction to the method
and further references).
We proceed by rearranging the integral equation into a form suitable for analysis at strong
coupling. This formulation is then used to analyse the equation for the hole density at strong
coupling. Our result shows that this equation, in the particular limit (1.6), is of the same
form as the integral equation describing the ground state of the O(6) model. Furthermore,
the anomalous dimension is computed at strong coupling and found to be mapped to the free
energy of the O(6) model. Finally we identify the parameters of the model, which then allows
us to write an explicit expression for the anomalous dimension in the relevant limit.
2At leading order this coincides with the limit (1.4)
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2 An integral equation for subleading corrections
A particularly useful way to organise the large spin expansion of twist two operators in the
sl(2) sector is to use the counting function. This approach was introduced in [25] and widely
used therafter (see [24] and references therein). Studying the counting function instead of the
density of Bethe roots amounts to a change of reference state, where the dynamical variables
are holes rather than Bethe roots. For the sl(2) sector the number of holes equals the length
of the operator, and hence the twist two case becomes particularly simple [5, 18,19].
In the following we will be interested in large spin operators in the sl(2) sector where the
length scales with the logarithm of the spin. In this case the advantage of the method is less
obvious, nevertheless we will demonstrate in the following the usefulness of constructing the
solution in terms of the hole density.
Restricting to the ground state, the counting function, Z(u), becomes an odd function.
Keeping only the terms relevant for the leading and first subleading corrections, it reads [18]
for t > 0
tZˆ(t) =
2πLet/2J0(2gt)
i(et − 1) −
4π cos(Mt√
2
)
i(et − 1) −
4π
i
t
et − 1 log 2 δ(t) −
2π
i(et − 1)
∫ a
−a
duρh(u) cos(tu)
− 4g
2tet/2
et − 1
∫ ∞
0
dt′e−t
′/2K(2gt, 2gt′)
(
t′Zˆ(t′)− 4π
i
cos(Mt
′√
2
)− 2π
i
∫ a
−a
duρh(u) cos(t
′u)
)
(2.1)
where we have anticipated logarithmic scaling, L ∼ logM . In total there are L holes. Two of
them are large, of order M and are responsible for the explicit M dependence in (2.1). The
remaining L− 2 holes are represented by means of the density, ρh(u), defined as
2πρh(u) =
∫ ∞
0
dt
2π
Zˆ(t)t cos(tu)2i, −a ≤ u ≤ a, with
∫ a
−a
ρh(u)du = L− 2. (2.2)
In Fourier space we have
ρˆh(t) = 2i
∫ ∞
0
dt′
π
Kh(t, t
′)t′Zˆ(t′). (2.3)
with
Kh(t, t
′) =
∫ a
−a
du
4π
cos(ut) cos(ut′). (2.4)
The kernel in (2.1) is the BES kernel [7] which can be represented as
K(2gt, 2gt′) = K+(2gt, 2gt′)+K−(2gt, 2gt′)+ 8g2
∫ ∞
0
dt′′
t′′
et′′ − 1K−(2gt, 2gt
′′)K+(2gt′′, 2gt′)
(2.5)
with
K+(t, t
′) =
2
tt′
∞∑
n=1
(2n − 1)J2n−1(t)J2n−1(t′)
K−(t, t′) =
2
tt′
∞∑
n=1
2nJ2n(t)J2n(t
′). (2.6)
Note that if we had kept L finite while expanding for large M , the endpoints given by a
would have vanished at this order and the L− 2 holes would have been concentrated around
4
the origin. In this case the counting function reduces to the one for the so called virtual
corrections [9, 10].
Substituting (2.2) into (2.1) we obtain the integral equation for the counting function,
tZˆ(t) =
2πLet/2J0(2gt)
i(et − 1) −
4π cos(Mt√
2
)
i(et − 1) −
4π
i
t
et − 1 log 2 δ(t) (2.7)
− 4te
t/2
(et − 1)
∫ ∞
0
dt′e−t
′/2K˜(t, t′)t′Zˆ(t′) + 16πte
t/2
i(et − 1)
∫ ∞
0
dt′g2e−t
′/2K(2gt, 2gt′) cos(Mt
′√
2
).
To simplify notation, we have introduced the kernel
K˜(t, t′) = e
−t/2et
′/2
t
Kh(t, t
′) + g2K(2gt, 2gt′)− 4g2
∫ ∞
0
dt′′e−t
′′/2et
′/2K(2gt, 2gt′′)Kh(t′′, t′).
(2.8)
To facilitate the large M expansion we introduce
σˆ(t) = − i
16π
e−t/2
(
tZˆ(t) +
4π
i
cos(Mt√
2
) + log 2 t δ(t) − 1
et − 1
)
. (2.9)
After expanding for large values of M and keeping leading and subleading terms we find
σˆ(t) =
t
et − 1
(
−L
8
J0(2gt)
t
+
e−t/2
4t
+ K˜(t, 0) (logM + γE + 2 log 2)
+
∫ ∞
0
dt′
(
K˜(t, t′)− K˜(t, 0)et′
) e−t′/2
et′ − 1 − 4
∫ ∞
0
dt′K˜(t, t′)σˆ(t′)
)
. (2.10)
This integral equation together with the anomalous dimension expressed in terms of σˆ(t)
determines the leading and subleading corrections to the anomalous dimension in the large
spin expansion. For technical reasons, and in particular to stress the relationship with the
O(6) model, it will prove convenient to instead work with the corresponding expression for
the hole density (2.2),
1
8
ρˆh(t) =Kh(t, 0) (logM + γE + 2 log 2) +
∫ ∞
0
dt′(Kh(t, t′)−Kh(t, 0)et′/2) 1
et
′ − 1
− 4
∫ ∞
0
dt′Kh(t, t′)et
′/2σˆ(t′), (2.11)
as was done for the leading order in [21]. Further, we split σˆ(t) as follows
σˆ(t) =
1
et − 1
(
g
2
γ(2gt) − L
8
J0(2gt) +
e−t/2
4
+
e−t/2ρˆh(t)
8
)
. (2.12)
This allows us to rewrite (2.10) into
γ(2gt) =
2t
g
[
K(t, 0) (logM + γE + 2 log 2) +
∫ ∞
0
dt′
(
K(t, t′)−K(t, 0)et′
) e−t′/2
et′ − 1
− 4
∫ ∞
0
dt′K(t, t′)σˆ(t′)
]
(2.13)
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with the kernel
K(t, t′) = g2K(2gt, 2gt′)− 4g2
∫ ∞
0
dt′′e−t
′′/2et
′/2K(2gt, 2gt′′)Kh(t′′, t′). (2.14)
The definition (2.9) allows for a simple expression for the anomalous dimension,
γ = 16g2 lim
t→0
γ(2gt)
2gt
. (2.15)
To the relevant order in the large spin expansion the normalisation condition (2.2) reduce to
4a
π
(logM + γE + 2 log 2) + 8
∫ ∞
0
dt(Kh(t, 0) −Kh(0, 0)) 1
et − 1
−32
∫ ∞
0
dtKh(t, 0)e
t/2σˆ(t) = ρˆh(0) = L− 2. (2.16)
The integral equations presented above, taken together with the anomalous dimension (2.15)
and the normalisation condition (2.16), are completely equivalent to the equations in [23].
3 Strong coupling analysis
Here we will analyse the subleading corrections by applying the methods developed for the
leading order [21, 26]. The first step is to write the equation (2.13) on a suitable form for
studying strong coupling. This will then be used to establish that the strong coupling expan-
sion of the equation for the hole density coincides, in form, with the integral equation for the
ground state of the O(6) model. Finally we use Wronskian relations similarly to [21,9,26] to
relate the parameters in the models.
To rewrite (2.13) on a suitable for for the large g expansion we follow the approach of
splitting γ(t) and the equations into an even and an odd part [27,28],
γ(t) = γ+(t) + γ−(t). (3.1)
Using the notation for the kernels in (2.5)-(2.6) we obtain,
γ+(2gt)
2gt
=K−(2gt, 0) (logM+γE+2 log 2) +
∫ ∞
0
dt′
(
K−(2gt, 2gt′)−K−(2gt, 0)et′
) e−t′/2
et
′ − 1
− 4
∫ ∞
0
dt′K−(2gt, 2gt′)
(
σˆ(t′) +
1
8
e−t
′/2ρh(t
′)− g
et′ − 1γ−(2gt
′)
)
.
γ−(2gt)
2gt
=K+(2gt, 0) (logM+γE+2 log 2) +
∫ ∞
0
dt′
(
K+(2gt, 2gt
′)−K+(2gt, 0)et′
) e−t′/2
et′ − 1
− 4
∫ ∞
0
dt′K+(2gt, 2gt′)
(
σˆ(t′) +
1
8
e−t
′/2ρh(t
′)
)
(3.2)
Expanding the even and the odd part of γ(t) in a Neumann series [27],
γ−(t) = 2
∞∑
n=1
(2n − 1)J2n−1(t)γ2n−1
γ+(t) = 2
∞∑
n=1
2nJ2n(t)γ2n, (3.3)
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the equations can be expressed as∫ ∞
0
dt
t
J2n(2gt)
(
γ+(2gt)
1− e−t −
γ−(2gt)
et − 1
)
= h2n∫ ∞
0
dt
t
J2n−1(2gt)
(
γ+(2gt)
et − 1 +
γ−(2gt)
1− e−t
)
= h2n−1 +
1
2
δn,1(logM + γE + 2 log 2) (3.4)
with
hn=
1
2
∫ ∞
0
dt
Jn(2gt)
2gt
(
L
J0(2gt)
et − 1 −
et/2ρˆh(t)
et − 1
)
− δn,1
2
∫ ∞
0
dt
et/2
et − 1 . (3.5)
After a change of variables [27],
γ+(it) + iγ−(it) =
sin( t4g )√
2 sin( t4g +
pi
4 )
(Γ+(it) + iΓ−(it)) , (3.6)
and by making use of the Jacobi-Anger expansion, (3.4) gives∫ ∞
0
dt
(
eituΓ−(t)− e−ituΓ+(t)
)
= 2(logM + γE + 2 log 2)
+
∫ ∞
0
dt
((
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
e2igtu − 2 e
t/2
et − 1
)
, −1 ≤ u ≤ 1. (3.7)
We stress that we have merely rearranged the equations in order to facilitate the strong
coupling analysis. The above equations could also be used to study the weak coupling limit,
though this would be less convenient.
3.1 The hole density at strong coupling
In the following we will study the strong coupling limit of the hole density. The starting point
is the expression for the density, obtained by the inverse Fourier transform of (2.11) where
σˆ(t) is exchanged for γ(t) by means of (2.12),
1
8
∫ ∞
−∞
dt
2π
eiktρˆh(t) =
1
4π
(logM + γE + 2 log 2) +
∫ ∞
0
dt
4π
(cos(kt)− et/2) 1
et − 1
− 4
∫ ∞
0
dt
4π
cos(kt)
et/2
et − 1
(
g
2
γ(2gt) − L
8
J0(2gt) +
e−t/2
4
+
e−t/2
8
ρˆh(t)
)
, −a ≤ k ≤ a(3.8)
Equation (3.8) contains the integral
I(k) = −g
∫ ∞
0
dt
2π
cos(kt)
et/2
et − 1γ(2gt), (3.9)
which we rewrite as in [21]. We change variables as in (3.6), use the relations,
cos(kt)
cosh( t4g )
cosh( t2g )
=
√
2g
∫ ∞
−∞
du cos(ut)
cosh(gπ(u+ k))
cosh(2gπ(u + k))
(3.10)
cos(kt)
sinh( t4g )
cosh( t2g )
=
√
2g
∫ ∞
−∞
du sin(ut)
sinh(gπ(u+ k))
cosh(2gπ(u + k))
, (3.11)
7
and find
πI(k) = − g
4
√
2
∫ ∞
0
dt
∫ ∞
−∞
du
(
cos(ut)
cosh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
(Γ−(t)− Γ+(t))
+ sin(ut)
sinh(gπ(u+ k2g ))
cosh(2gπ(u + k2g ))
(Γ−(t) + Γ+(t))
)
. (3.12)
Splitting the integral over u as
∫∞
−∞ =
∫ 1
−1+
∫∞
1 +
∫ −1
−∞ (3.7) can be used and the large g
limit taken (see Appendix A for details).We then find
I(k) =− 1
4π
(logM + γE + 2 log 2) +
m˜
16
cosh
(
pik
2
)
− 1
4π
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2ρˆh(t)
et − 1
)
et/2
et + e−t
cos(kt)− e
t/2
et − 1
]
(3.13)
where
m˜
16
=
1√
2π2
e−pig (logM + γE + 2 log 2)− g
2π
e−pig
∫ ∞
0
dtRe
[
Γ+ + iΓ−
t+ iπg
ei(t−pi/4)
]
+
1
4π
e−pig
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2ρˆh(t)
et − 1
)
Re
[
i
t+ iπ/2
ei(2gt−pi/4)
]
− 2
√
2
π
et/2
et − 1
]
.(3.14)
With the result of (3.13), (3.8) becomes∫ ∞
−∞
dt
2π
ρˆh(t)e
ikt= m˜ cosh(pik2 ) +
L
π
∫ ∞
0
dtJ0(2gt) cos(kt)
sinh( t2 )
cosh(t)
+
1
π
∫ ∞
0
dt cos(kt)
et + 1
e2t + 1
ρˆh(t). (3.15)
The integral containing the Bessel function, J0(2gt), can be computed at strong coupling [21],
L
π
∫ ∞
0
dtJ0(2gt) cos(kt)
sinh( t2 )
cosh(t)
=
L
π
√
g
e−pig cosh pik2 (1 +O(1/g)) (3.16)
We conclude that the holes satisfy the following equation, to leading order in the large g
expansion,
ρh(θ) = m cosh(θ) +
∫ pia
2
−pia2
dθ′ρh(θ′)K(θ − θ′) (3.17)
with K(θ) =
1
4π2
(
ψ(1 + i2piθ) + ψ(1− i2piθ)− ψ(12 + i2piθ)− ψ(12 − i2piθ) +
2π
cosh(θ)
)
.
In the above we have introduced
m = m˜+
L
π
√
g
e−pig + . . . (3.18)
and θ = πk/2. This integral equation is of the same form as the integral equation for the
ground state of the O(6) model [29,30]. In the next section we will discuss how the parameters
of the models are related.
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It is possible to express the anomalous dimension at strong coupling in terms of known
functions and the hole density as follows (we refer to Appendix B for details),
γ =16g2γ
(0)
1 (logM + γE + 2 log 2) + 16g
2γ
(1)
1 (3.19)
γ
(1)
1 =
mO(6)
8g2
∫ a
−a
dkρh(k)
(
cosh(pik2 )− 1
)
+
1
16g2
BL(g)
where mO(6) is the mass of the O(6) model (1.5).
3.2 Relating the parameters
We have seen that the structure of the subleading corrections show a similarity to the O(6)
model. In order to quantify this similarity we compute the parameter m.
The parameter m in the effective equation for the holes contains the functions Γ±(t) which
are solutions to the system of equations (3.4). To leading order in the large M limit these
equations were solved in [27, 26]. The analysis for equations of this type is quite involved,
but luckily in this case there is no need to explicitly solve the equations. We will be able to
write the expression for the parameter m in terms of known quantities. The expression for
m will involve the leading large M solution to the two first orders in the expansion of the
non-perturbative parameter mO(6).
In [26] the non-perturbative corrections to the scaling function, f(g), were analysed and
the relevant corrections to the density computed. This involved the study of the equations∫ ∞
0
dt
t
J2n(t)
(
γˆ+(t)
1− e−t/2g −
γˆ−(t)
et/2g − 1
)
= hˆ2n(g)∫ ∞
0
dt
t
J2n−1(t)
(
γˆ−(t)
1− e−t/2g +
γˆ+(t)
et/2g − 1
)
= hˆ2n−1(g) (3.20)
where
hˆ2n =
2m′
π
∫ ∞
0
dt
J2n(t)
t2 + (πg)2
(
πg
et/2g − 1 +
t
1− e−t/2g
)
hˆ2n−1 =
2m′
π
∫ ∞
0
dt
J2n−1(t)
t2 + (πg)2
(
t
et/2g − 1 −
πg
1− e−t/2g
)
. (3.21)
The parameter m′ was introduced in [26] and is proportional to mO(6). We will keep the
factors m′ in place to conform to the same notation as in that paper. Our final result will
however not depend on the parameter m′. We will make use of the fact that the solution
to these equations is known. The form of the left hand side of (3.20) coincides with our
equations (3.4), while the right hand sides differ. This motivates the introduction of an
auxiliary variable, x, and the construction of the following system of equations,∫ ∞
0
dt
t
J2n(t)
(
γ+(t, x)
1− e−t/2g −
γ−(t, x)
et/2g − 1
)
= (1− x)h2n + xhˆ2n(g)∫ ∞
0
dt
t
J2n−1(t)
(
γ−(t, x)
1− e−t/2g +
γ+(t, x)
et/2g − 1
)
=
1
2
(1− x)δn,1(logM + γE + 2 log 2)
+ (1− x)h2n−1 + x hˆ2n−1(g). (3.22)
x = 1 corresponds to the system (3.20) and x = 0 corresponds to (3.4), the equations for γ(t).
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Multiplying the equations by 2(2n)γ2n(x
′) and 2(2n − 1)γ2n−1(x′) respectively, summing
over n and finally subtracting the two equations from each other leads to the relation [21]∑
n
(
(1− x)h2n2(2n)γ2n(x′) + xhˆ2n2(2n)γ2n(x′)
)
− γ1(x′)(1− x)(logM + γE + 2 log 2)
−
∑
n
(
(1− x)h2n−12(2n − 1)γ2n−1(x′) + xhˆ2n−12(2n − 1)γ2n−1(x′)
)
− (x↔ x′) = 0. (3.23)
Setting x = 1 and x′ = 0 gives∑
n
(
hˆ2n−12(2n − 1)γ2n−1 − hˆ2n2(2n)γ2n
)
= γˆ1(logM + γE + 2 log 2) +
∑
n
(
h2n−12(2n − 1)γˆ2n−1 − h2n2(2n)γˆ2n
)
. (3.24)
Evaluating the right and left hand sides and keeping terms to leading order in the non-
perturbative expansion O(e−pig) we find after some algebra (see Appendix C)
−8g
π
e−pig
∫ ∞
0
Re
(
Γ+(t) + iΓ−(t)
t+ iπg
ei(t−pi/4)
)
=
(
mO(6) −
8
√
2
π2
e−pig
)
(logM + γE + 2 log 2)
− 4
π
e−pig
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
Re
(
ie−ipi/4e2igt
t+ iπ/2
)
− 2
√
2
π
et/2
et − 1
]
+
2
√
2g
m′
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
δγ−(2gt)− δγ+(2gt)
4gt
− m
′mO(6)
2
√
2g
et/2
et − 1
]
. (3.25)
Substituting this expression into the mass parameter (3.14) we find that m can be expressed
entirely in terms of known functions,
m = mO(6)(logM + γE + 2 log 2) +
L
π
√
g
e−pig (3.26)
+
2
√
2g
m′
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
δγ−(2gt) − δγ+(2gt)
2gt
−
√
2mO(6)m
′
4g
et/2
et − 1
]
.
In the above we have used the notation introduced in [26],
γˆ−(2gt) − γˆ+(2gt) = δγ−(2gt) − δγ+(2gt) +
2
√
2mO(6)t
π
Re
(
ie−ipi/4
t+ iπ/2
)
. (3.27)
δγ± scales with m2O(6). Comparing with the O(6) model and the limit in which it appears
at leading order we conclude that the scaling when including subleading corrections is L−2 ∼
mO(6) logM (see also [23]). Hence the terms in (3.26) proportional to L−2 will be subleading
at large coupling. Further, the hole density is proportional to mO(6) and the terms in (3.26)
containing it will be subleading as well. With the change of variables, analogous to (3.6) [26],
δγ+(it) + iδγ−(it) =
sin( t4g )√
2 sin( t4g +
pi
4 )
(δΓ+(it) + iδΓ−(it)) , (3.28)
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we hence find that the terms surviving in the scaling limit are
m=mO(6) (logM + γE + 2 log 2) +
2
π
√
g
e−pig
− 4
√
2g
m′
∫ ∞
0
(
δΓ−(2gt) + δΓ+(2gt)
2gt
+
√
2mO(6)m
′
8g
et/2
et − 1
)
. (3.29)
This is evaluated using the solution for δΓ±(t) [26] (see appendix C) and we find
m = mO(6)
(
log 2Mg + . . .
)
. (3.30)
3.3 The anomalous dimension at strong coupling
From the above considerations we conclude that in the limit
g →∞, L, M →∞, L− 2
R(M,g)mO(6)
= fixed (3.31)
with
R(M,g) = log 2Mg + . . . , (3.32)
the anomalous dimension can be expressed in terms of the hole density (3.19). The hole
density satisfies the integral equation of the O(6) model (3.17) with the mass parameter
(3.30). Further the density is normalised as (2.2). From this we conclude that the anomalous
dimension can be written in terms of the free energy of the ground state of the O(6) model,
ǫ(g, L−2R(M,g)), and the functions, f(g) and BL(g), that appear at leading order
γ(g, L,M) = f(g)(logM + γE + 2 log 2) +BL(g) + ǫ(g,
L−2
R(M,g))R(M,g). (3.33)
Keeping the first terms at strong coupling the anomalous dimension becomes
γ(g, L,M) =
(
f(g) + ǫ
(
g, (L − 2)/ log Mg
))
log
M
g
+ . . . . (3.34)
Our analysis of the strong coupling expansion as well as the result (3.34) differs from [23].
In [23] the equations were first expanded for small values of a and then evaluated at small and
large coupling. We believe that the expansion for small a is problematic for the subleading
corrections at strong coupling. Our results are in line with what should be expected from
string theory [17] where the natural expansion parameter is large M/g, in contrast to large
M as in the gauge theory.
4 Conclusions
We studied the subleading corrections to the anomalous dimension in the generalised scaling
limit. At strong coupling we found that the integral equations derived from the asymptotic
Bethe ansatz reduce to the equations for the ground state of the O(6) model. This was
observed to happen at leading order in the large spin expansion and here we conclude that
the behavior generalise also to the subleading order. Further, the anomalous dimension was
written in terms of the free energy of the O(6) model. This fact is particularly convenient as
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it allows us to write down explicit expressions for the scaling dimension in various limits by
exploiting results already existing in the literature [30,21,22,32].
Our results seem quite natural from the sigma model point of view [17] since the natural
expansion parameter in that case is not large M but rather large M/g. It would however be
interesting to understand the subleading corrections in more detail from the sigma model.
It would also be interesting to continue the large spin expansion to the next order,
O( 1logM ). Here we expect the relation to the O(6) model to break down. It would be in-
teresting to study the corrections to it, in particular since at this order finite size corrections
should start contributing [13].
The O(6) model appears when studying the lowest energy state of the spinning folded
string or the corresponding operator. The highest excited state corresponds to the spiky
string [33] and the structure of the Bethe ansatz solution to leading order is quite similar to
the lowest energy state [34]. In this case we would expect the relation to the O(6) model to
be broken at first subleading order but it could be interesting to study this in more detail.
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A Computing the integral I(k)
We consider the evaluation of the integral (3.12) at large coupling. We split the integral over
u as,
∫∞
−∞ =
∫ 1
−1+
∫ −1
−∞+
∫∞
1 , and use (3.7) to obtain
πI(k) = − g
4
√
2
∫ ∞
0
dt(
∫ −1
−∞
+
∫ ∞
1
)du
(
cos(ut)
cosh(gπ(u+ k2g ))
cosh(2gπ(u + k2g ))
(Γ−(t)− Γ+(t))
+ sin(ut)
sinh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
(Γ−(t) + Γ+(t))
)
− g
4
√
2
∫ 1
−1
du
cosh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
2(logM + γE + 2 log 2)
− g
4
√
2
∫ 1
−1
du
cosh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
(∫ ∞
0
dt
(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
cos(2gtu) − 2 e
t/2
et − 1
)
− g
4
√
2
∫ 1
−1
du
sinh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
∫ ∞
0
dt
(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
sin(2gtu) (A.1)
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At large g we have∫ 1
−1
(
cosh(gπ(u+ k2g ))
cosh(2gπ(u + k2g ))
cos(2gtu) +
sinh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
sin(2gtu)
)
=
2√
2g
cos(kt)
et/2
et + e−t
−
∫ −1
−∞
du egpiu+pik/2(cos(2gtu) + sin(2gtu)) −
∫ ∞
1
du e−gpiu−pik/2(cos(2gtu) − sin(2gtu))
=
√
2
g
cos(kt)
et/2
et + e−t
+ 2cosh(pik2 )
∫ ∞
1
due−pigu(cos(2gtu) − sin(2gtu))
=
√
2
g
cos(kt)
et/2
et + e−t
−
√
2
g
e−pig cosh(pik2 )Re
[
i
t+ iπ/2
e2igt−pii/4
]
. (A.2)
Similarly we evaluate
(
∫ −1
−∞
+
∫ ∞
1
)du
(
cos(ut)
cosh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
(Γ−(t)− Γ+(t))
+ sin(ut)
sinh(gπ(u + k2g ))
cosh(2gπ(u + k2g ))
(Γ−(t) + Γ+(t))
)
= 2cosh(pik2 )
∫ ∞
1
due−pigu (cos(ut)(Γ−(t)− Γ+(t)) + sin(ut)(Γ−(t) + Γ+(t)))
= 2
√
2 cosh(pik2 )e
−pig Re
[
1
t+ iπg
(Γ+(t) + iΓ−(t))eit−ipi/4
]
. (A.3)
Combining the above results we arrive at (3.13).
B The anomalous dimension
The anomalous dimension is given by (2.15). Equivalently, with the help of (3.1) and (3.3),
we can write γ = 16g2γ1. γ1 can be obtained by making use of the Wronskian relations, as
in [21,9], which are derived as follows. Starting from (3.4) we introduce a new set of equations
which contain an auxiliary variable x,∫ ∞
0
dt
t
J2n(2gt)
(
γ+(2gt, x)
1− e−t −
γ−(2gt, x)
et − 1
)
= xh2n∫ ∞
0
dt
t
J2n−1(2gt)
(
γ+(2gt, x)
et − 1 +
γ−(2gt, x)
1− e−t
)
=
1
2
(1− x)δn,1 + xh2n−1, (B.1)
where x = 0 corresponds to the BES equation [6,7,27] and x = 1 corresponds to the new piece
added here. Multiplying the equations by 2 · 2nγ2n(x′) and 2(2n − 1)γ2n−1(x′), respectively,
summing over n and finally subtracting the two resulting equations we find∫ ∞
0
dt
t
(
γ+(2gt, x
′)γ+(2gt, x) − γ−(2gt, x)γ−(2gt, x′)
1− e−t
+
γ+(2gt, x
′)γ−(2gt, x) + γ−(2gt, x′)γ+(2gt, x′)
et − 1
)
= x
∞∑
n=1
h2n2 2nγ2n(x
′)− (1− x)γ1(x′)− x
∞∑
n=1
h2n−12(2n − 1)γ2n−1(x′). (B.2)
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Using that the left hand side is odd under x↔ x′ and setting x = 1 and x′ = 0 we find
γ1=
∞∑
n=1
2 2nh2nγ2n(0) −
∞∑
n=1
2 (2n − 1)h2n−1γ2n−1(0)
=
∫ ∞
0
dt
((
L
2
J0(2gt)
et − 1 −
L− 2
2
et/2
et − 1
)
γ
(0)
+ (2gt) − γ(0)− (2gt)
2gt
− 2γ(0)1
et/2
et − 1
)
−
∫ ∞
0
dt
γ
(0)
+ (2gt) − γ(0)− (2gt)
2gt
1
2
et/2
et − 1 (ρˆh(t)− ρˆh(0)) , (B.3)
where γ
(0)
± denote the solutions to the BES equation. To obtain the above we used the
normalisation condition for the hole density (2.16). Using J0(2gt) = 1− 2
∑∞
n=1 J2n(2gt) and
the orthogonality of Bessel functions the first part can be identified with the virtual scaling
function BL(g),
γ1 =
1
16g2
BL(g)−
∫ ∞
0
dt
γ
(0)
+ (2gt)− γ(0)− (2gt)
2gt
1
2
et/2
et − 1 (ρˆh(t)− ρˆh(0)) . (B.4)
Following [21] we find to leading orders in the large g exansion
γ1 =
1
16g2
BL(g) +
mO(6)
8g2
∫ a
−a
dkρh(k)
(
cosh(pik2 )− 1
)
. (B.5)
Putting everything together we obtain (3.19).
C The mass parameter
The first non-perturbative corrections to the cusp anomalous dimension were computed in [26].
They are given by the functions δγ±(t) which satisfy∫ ∞
0
dt
t
J2n(t)
(
δγ+(t)
1− e−t/2g −
δγ−(t)
et/2g − 1
)
= 0∫ ∞
0
dt
t
J2n−1(t)
(
δγ−(t)
1− e−t/2g +
δγ+(t)
et/2g − 1
)
= 0. (C.1)
These functions are related to γˆ±(t) (3.20) as in [26]
δγ+(t) = γˆ+(t)− 2m
′
π
t2
t2 + π2g2
(C.2)
δγ−(t) = γˆ−(t) +
2gm′t
t2 + π2g2
(C.3)
where they were explicitly written down. The explicit solution reads
δγ+(it) + iδγ−(it) =
sin( t4g )√
2 sin( t4g +
pi
4 )
(δΓ+(it) + iδΓ−(it)) (C.4)
where
δΓ+(4πgit) + iδΓ−(4πgit) = δf0(4πgt)V0(4πgt) + δf1(4πgt)V1(4πgt) (C.5)
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with
δf0(4πgt) =Λ
2
(
1
4πg
(
Γ(3/4)Γ(1 − t)
2Γ(3/4 − t) −
Γ(5/4)Γ(1 + t)
2Γ(5/4 + t)
)
+O(1/g2)
)
(C.6)
δf1(4πgt) =Λ
2
(
1
4πg
Γ(5/4)Γ(1 + t)
Γ(5/4 + t)
+O(1/g2)
)
(C.7)
Vn(t) =
√
2
π
∫ 1
−1
du
(
1 + u
1− u
)1/4 eut
(1 + u)n
. (C.8)
Λ is the nonperturbative scale, Λ2 = −π√2gm′mO(6).
We will make use of this solution by using the Wronskian relations (3.24) to write an
expression for the mass parameter, appearing in our effective equations, in terms of δγ±(t).
The left hand side of (3.24) reads, after the change of variables (C.4),
−m
′
π
∫ ∞
0
dt
[
πg
t2 + (πg)2
(Γ−(t)− Γ+(t)) + t
t2 + (πg)2
(Γ−(t) + Γ+(t))
]
=−m
′
π
∫ ∞
0
due−pigu
∫ ∞
0
dt
[
cos(ut) (Γ−(t)− Γ+(t)) + sin(ut) (Γ−(t) + Γ+(t))
]
. (C.9)
Splitting the integral over u as
∫∞
0 =
∫ 1
0 +
∫∞
1 and using (3.7) this can be approximated at
strong coupling by
−m
′
π
∫ 1
0
due−pigu
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
(cos(2gtu) + sin(2gtu)) − 2 e
t/2
et − 1
]
− 2(logM + γE + 2 log 2)m
′
π
∫ 1
0
due−pigu
− mO(6)
π
∫ ∞
1
due−pigu
∫ ∞
0
dt
[
cos(ut) (Γ−(t)− Γ+(t)) + sin(ut) (Γ−(t) + Γ+(t))
]
. (C.10)
Integration over u results in
∫ 1
0
due−pigu (cos(2gtu) + sin(2gtu)) =
1√
2g
Re
(
−ie−ipi/4
t+ iπ/2
(e2igt−pig − 1)
)
(C.11)
∫ ∞
1
due−pigu (cos(ut)(Γ−(t)− Γ+(t)) + sin(ut)(Γ−(t) + Γ+(t)))
=
√
2e−pigRe
(
ei(t−pi/4)
t+ iπg
(Γ+(t) + iΓ−(t))
)
. (C.12)
Hence the left hand side becomes
−2m
′
π2g
(1− e−pig)(logM + γE + 2 log 2)
−m
′
πg
∫ ∞
0
dt
((
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
Re
( i√
2
e−ipi/4
t+ iπ/2
(1− e2igt−pig)
)
− 2
π
(1− e−pig) e
t/2
et − 1
)
−m
′
π
∫ ∞
0
√
2e−pig Re
(
ei(t−pi/4)
t+ iπg
(Γ+(t) + iΓ−(t))
)
(C.13)
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For the right hand side of the equation (3.24) we find
γˆ1(logM + γE + 2 log 2)
+
1
2
∫ ∞
0
dt
[(
L
J0(2gt)
et − 1 −
et/2
et − 1 ρˆh(t)
)
γˆ−(2gt) − γˆ+(2gt)
4gt
− 2γˆ1 e
t/2
et − 1
]
. (C.14)
With the help of (C.2) and the explicit expression for γˆ1,
γˆ1 = −2m
′
π2g
+
m′mO(6)
4
√
2
, (C.15)
the right hand side is rewritten and (3.24) can be rearranged as in (3.25). This relation allows
us to write the mass parameter as (3.26).
Using the relation for the Bessel functions, J0(2gt) = 1−2
∑∞
n=1 J2n(2gt) and the equations
(C.1) the mass parameter (3.26) can be further rewritten as
m=mO(6) (logM + γE + 2 log 2) +
L
π
√
g
e−pig
+
4
√
2g
m′
∫ ∞
0
(
δγ−(2gt)
gt(et − 1) −
δγ+(2gt)
gt(1 − e−t) −
mO(6)m
′
4
√
2g
et/2
et − 1
)
− (L− 2)
√
2g
m′
∫ ∞
0
dt
(
δγ−(2gt)
gt(et/2 + 1)
+
δγ+(2gt)
gt(e−t/2 + 1)
)
− 4
√
2g
m′
∫ ∞
0
dt
et/2
et − 1 (ρˆh(t)− ρˆh(0))
δγ−(2gt)− δγ+(2gt)
2gt
. (C.16)
After the change of variables (C.4) the above expression reads
m=mO(6) (logM + γE + 2 log 2) +
L
π
√
g
e−pig
− 4
√
2g
m′
∫ ∞
0
(
δΓ−(2gt) + δΓ+(2gt)
2gt
+
mO(6)m
′
4
√
2g
et/2
et − 1
)
− (L− 2)
√
2g
2m′
∫ ∞
0
dt
t
[(
1−
cosh( t4g )
cosh( t2g )
)
(δΓ−(t) + δΓ+(t)) +
sin( t4g )
cosh( t2g )
(δΓ−(t)− δΓ+(t))
]
− 4
√
2g
m′
∫ ∞
0
dt
et/2
et − 1 (ρˆh(t)− ρˆh(0))
δγ−(2gt) − δγ+(2gt)
2gt
. (C.17)
Of the integrals in this expression we first consider∫ ∞
0
(
δΓ−(2gt) + δΓ+(2gt)
2gt
+
mO(6)m
′
4
√
2g
et/2
et − 1
)
. (C.18)
The functions special functions V0,1(t) in (C.5) can be written in terms of Bessel functions,
V0(t) =
1
2
∞∑
k=0
(−1)k+1 Γ(k − 1/2)
Γ(k + 1)Γ(1/2)
(J2k(it) + iJ2k−1(it))
V1(t) = 2
∞∑
k=0
(−1)k+1 Γ(k − 1/2)
Γ(k + 1)Γ(1/2)
(−(k − 1/2)J2k(it) + ikJ2k−1(it)) , (C.19)
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With this we find that the integral (C.18) reduces, at strong coupling, to
− m
′mO(6)
4
√
2g
∫ ∞
0
dt
(
J0(2gt)
t
− e
t/2
et − 1
)
− m
′mO(6)
4
√
2g
∞∑
k=1
(−1)k+1 Γ(k − 1/2)
Γ(k + 1)Γ(1/2)
(
1/2 − k
2k
+
k
2k − 1
)
=−m
′mO(6)
4
√
2g
(− log g − γE − log 2) (C.20)
The further integrals will be subleading in the limit (3.31) and hence we find the result (3.29)
and (3.30).
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